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Linear Matrix Inequalities

What are they?

m Inequalities involving matrix variables
m Matrix variables appear linearly
u Represent convex sets polynomial inequalities

m Critical tool in post-modern control theory
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Introduction to LMIs
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Standard Form

Fx)=F+ziF1+ - +z,F,>0

where
T

€2
m . .
X = . , I € 8™ m x m symmetric matrix

In

Think of F(x) : R™ — S™.

Example:

Posos P Y42V Y so
r 1 o171 o :
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Introduction to LMIs Ge
00®0000000

Square Inequalities

Positive Definiteness

m Matrix F' > 0 represents positive definite matrix
BE>0 < 2TFx >0,V #0
m [ >0 <= leading principal minors of F are positive

Let
Fi1 Fia Fig
Iy Foy Fhg

F=
F31 F3p Fj3

n Polynomial Constraints as a Linear Matrix Inequality

rF Fi1 Fip Fis
F>0 < Fu>0,|n 72| >0,|Fa Fn Fx|>0,
2 ez EE IS
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Definiteness

Positive Semi-Definite
F >0 <= iff all principal minors are > 0 not just leading

Negative Definite
F <0 <= iff every odd leading principal minor is < 0 and even leading principal
minor is > 0 they alternate signs, starting with < 0

Negative Semi-Definite
F <0 <= iff every odd principal minor is < 0 and even principal minor is > 0

F>0 <«— -—-F<0
F>0 «<— —-F<0

Matrix Analysis, Roger Horn.
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Introduction to LMIs
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Example 1

y>0,y—3r2>07 = [i ﬂ>0

m LMI written as [i ﬂ > 0 is in general form.

m We can write it in standard form as

00+?10+x01>0
0o 1Yo o 10

m General form saves notations, may lead to more efficient computation
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Introduction to LMIs
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Example 2

1 0 T
Prs<l <= |0 1 a9 >0

r1 XI9 1

Leading Minors are

1 0

10
o1 >

1 1 1
B Pl Y B B > 0

xg 1 r1 1 Ty X

Last inequality simplifies to
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Eigenvalue Minimization
mlet A, €S"i=0,1,---,n.
m Let A(x) := Ag+ Ajz1 + -+ + Apaxy.
m Find z:=[z) 22 --- J;n]T

that minimizes
J(x) := min Apax A(z).

How to solve this problem?
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Introduction to LMIs Gene 1are Inequalities Schur Complement Lemma / le Eliminat
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Eigenvalue Minimization (contd.)

Recall for M € S™
AmaxM <t <— M —tI <0.

Linear algebra result: Matrix Analysis — R.Horn, C.R. Johnson

Optimization problem is therefore

mint
v

such that A(z) —tI <0.
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Matrix Norm Minimization
mlet 4, eR",i=0,1,--- ,n.
m Let A(x) := Ag+ Ajz1 + -+ + Apaxy.
m Find z:=[z) 22 --- J;n]T

that minimizes
J(x) = min | A(z)]

How to solve this problem?
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Introduction to LMIs j‘, i Square Inequalities
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Matrix Norm Mlnlmlzatlon

contd.

m Recall
IlA]l2 :== Amax AT A.

m Implies

. .2 . t
b Al)T I
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Important Inequalities



Generalized Square Inequalities
[e] Jolele)

Generalized Square Inequalities

Lemma For arbitrary scalar z,y, and § > 0, we have

2
1
(\/gfﬂ— %) :6$2+5y2 —2xy > 0.

Implies

1
2xy < 0z + SyQ.
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Generalized Square Inequalities
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Generalized Square Inequalities

Restriction-Free Inequalities
Lemma Let X, Y e R™*" € S™, F > 0, and § > 0 be a scalar, then
XTFY +Y'FX <XTFX +6'YTFY.
When X =xand Y =y
22T Fy < 6 Fx 4+ 6 Yy Fy.

Proof: Using completion of squares.

(Vox - my)T P (VEX —V&iy) > 0.
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Generalized Square Inequalities
00000

Generalized Square Inequalities

Inequalities with Restrictions
Let
F={F|FeRY FTF <I}.
Lemma Let X € R™*™ Y € R"*™, then for arbitrary § > 0

XFY +YTFTXT <sxXT + 67 'YTY VF € F.

Proof: Approach 1: Using completion of squares.
Start with

(VoxT V5 iry)' (Vax® - V5 TFY)) >0
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Generalized Square Inequalities
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Generalized Square Inequalities

Inequalities with Restrictions

Let
F={F|FeRY FTF <I}.

Lemma Let X € R™*"™" Y € R™*™, then for arbitrary § > 0
XFEY +YTFTXT <sXXT +67'YTY VF € F.

Proof: Approach 2: Use following Lemma. (To do)
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Schur Complement Lemma
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Schur Complements

Very useful for identifying convex sets

Let
Q(z) € S™, R(z) € S™?
Q(x), R(x), S(x) are affine functions of x

Qz) S(z) Q(z) >0
[ST(:C) R(:c)} 7V R(e) - ST@)Q(@) S (@) > 0
Generalizing,
Q(z) >0
Q) S 5o s §T(@) (I - Q)QT () = 0
[ST(:):) R(fﬂ)} - R(z) _(ST(x)Q(m)TS(:)c) >0

m Q(z)" is the pseudo-inverse

m This generalization is used when Q(x) is positive semidefinite but singular
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Schur Complement Lemma
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Schur Complement Lemma

Let
Ay A12}
A= .
{Am Ao
Define
Sen(A11) := Agg — Ag1 AT} Arz
Sen(Agg) 1= Aq1 — ApAs) Aoy

For symmetric A,

A>0 < Ay > 0, Sch(All) >0 <= Ay > O,Sch(AQQ) >0
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Schur Complement Lemma
00®00

Example 1

P43 <l = 1-2lz>0 — L”IT ﬂ >0
Here
R(z) =1,
Q(x)=1>0.
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Schur Complement Lemma
00000

Example 2

lz|lp <1 <= 1-2TPr>0 < [ T

1—2"Pr=1—(VP2)T (VPz) >0 — [

where v/ P is matrix square root.
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Schur Complement Lemma
0000@

LMIs are not unique

m If F'is positive definite then congruence transformation of F' is also positive
definite

F>0 < z'Fa, Vo #0
— y"MTFMy > 0, Yy # 0 and nonsingular M
— MTFM >0

m Implies, rearrangement of matrix elements does not change the feasible set

ST R

ST R

I 0 I 0

9 30— [ g[8 0 g0 [1 50

S Q
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Variable Elimination Lemma

Lemma: For arbitrary nonzero vectors x,y € R™, there holds

max (2" Fy)® = (2" z)(y"y).
FeF:FTF<I

Proof: From Schwarz inequality,

2T Fy| < VaTa/yTFTFy

< VaTz/yTy.

Therefore for arbitrary x,y we have

(z"Fy)* < (2" 2)(y"y).

Next show equality.
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Variable Elimination Lemma
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Variable Elimination Lemma

contd.
Let -
Fp=—2Y
T/ yTy
Therefore,
FTR, - yolay” _yy”

(T2)(yTy)  yTy’

We can show that

Omax(Fil Fy) = omax(FoFL) = 1.

— F{Fy <1, thus Fy € F.
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Variable Elimination Lemma

contd.

Therefore,
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Variable Elimination Lemma

contd.
Lemma: Let X € R™*" Y € R"*™ and Q € R™ ™. Then
Q+XFY +YTFTXT <0, VF € F,

iff 36 > 0 such that )
Q+o6xXxT+ EYTY <0.

Proof: Sufficiency

1
Q+XFY +YT'FT'XT <Q+6xX" + 5YTY from previous Lemma

< 0.
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Variable Elimination Lemma

contd.

Proof: Necessity
Suppose
Q+XFY +YTFTXT <0, VF e F

is true. Then for arbitrary nonzero x
tT(Q+ XFY + YTFTXT)z <0,

or
2T Qr+ 22T XFYx < 0.

Using previous lemma result

I;la}((:I?TXFY.T) = \/(:CTXXTJ:)(xTYTYm),
€

— 1 Qx + 2\/ (T XXTz)(2TYTYz) < 0.
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Variable Elimination Lemma
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Variable Elimination Lemma

contd.
2T Qz + 2\/(xTXXTm)(:ETYTY:L‘) <0
— 27 Qu — 2\/(xTXXTx)(xTYTYx) <0,
and 27 Qz < 0.
Therefore,
(2TQx)? -4 ("X XT2) («TYTY2) > 0.
~——
b2 a c
or

b? — dac > 0.
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Variable Elimination Lemma
contd.
Or the quadratic equation
ad> +bd+c=0

has real-roots

—b+Vb? — 4ac

2a
Recall,
a:= (I XXTz) >0, b:=(27Qx) <0, c:=TYTyz) > 0.
Implies
>0,

or at least one positive root.
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Variable Elimination Lemma

contd.

Therefore, 36 > 0 such that
ad? +bd + ¢ < 0.

Dividing by § we get

ad + b+ g <0,
or 1
2T Qr+ 02T XX o + ngYTYa: <0,
or 1
eT(Q+oxXxT + gYTY)JZ <0,
or

1
Q+6xxT+ 5YTY <0.
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Elimination of Variables

In a Partitioned Matrix

Lemma: Let

Z11 212} x
Z = ,Z11 € R

be symmetric. Then 3X = X7 such that

Zin—X Zip X
ZL  Zyp 0| <0 <<= Z<0.
X 0 -X

Proof: Apply Schur complement lemma.

Zin—X Zip X
Zi,  Zyn 0 | <0 <<= —-X<0, Su(—X)<0.
X 0 —-X
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Elimination of Variables

In a Partitioned Matrix (contd.)

O>Sch(—X),
[Zu—-X Zpp X1 -1
=" ZQJ [0}( X)) [x 0],
_[Zu-Xx za]  [X 0
Tz, Zy 0 0]’
_ [ Z11 le]

ZL, Zxn|
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Variable Elimination Lemma
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Elimination of Variables

In a Partitioned Matrix (contd.)

Lemma:
Z11 212
Z11 Z12 Z13 [Zng 222} <0
7L Zy  Zp+ XT| <0 =
7L ZL+X  Zs [Zn ZIB:|<O
7l Zss ’

with
X =752 79 — 71,

Proof: Necessity = Apply rules for negative definiteness.

Sufficiency < Following are true from Schur complement lemma.
ZH <0
T 1 T —1
Z22 — 212211 Zlg <0 Z33 — ZlSle Zlg <0
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Elimination of Variables

In a Partitioned Matrix (contd.)

Look at Schur complement of

Z11 Z12 Z13
ZITQ 799 223 + XT
7l ZL+ X s

Z22 Za3 + XT} [Z?z} 1
— Z 1z Z
[ZQT?, +X  Zs zl,| 71 212 Zis)

B [ Zog — 757 79 Zog+ XT — Z5,71 715
Zh+ X — 725721 719 T3 — Z1 25 713
< 0.

Also Z;1 < 0.
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Elimination of Variables

Projection Lemma
Definition Let A € R™*™. Then M, is left orthogonal complement of A if it satisfies

My,A =0, rank(M,) = m — rank(A).

Definition Let A € R™*". Then N, is right orthogonal complement of A if it satisfies

AN, =0, rank(N,) = n — rank(A).
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Elimination of Variables

Projection Lemma (contd.)

Lemma: Let P,(Q, and H = H” be matrices of appropriate dimensions. Let Np, Ny be
right orthogonal complements of P, () respectively.

Then 3 X such that
H+P'X"Q+Q"XP <0 < NJHN, <0and N] HN, < 0.

Proof:
Necessity =: Multiply by N, or N,.

Sufficiency «<: Little more involved — Use base kernel of P, (@, followed by Schur
complement lemma.
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Elimination of Variables

Reciprocal Projection Lemma

Lemma: Let P be any given positive definite matrix. The following statements are
equivalent:

L v+S5+S8T<o.
2. The LMI problem

v+P-W+wh) sT+w? —0
S+ W -P ’
is feasible with respect to W.
Proof: Apply projection lemma w.r.t general variable W. Let
v+ p ST
X:[ s _P], Y =[-1I, 0], Z=[I, —I,)
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Elimination of Variables

Reciprocal Projection Lemma (contd.)

Let

Y =[-I, 0], Z =, —1].

T
X:{\IH—P S ]

S -P

Right orthogonal complements of Y, Z are

vl el

Verify that Y N, =0 and ZN, = 0.
We can show

NIXN, =-P! NIXN, =0+ 58T + 5.

Apply projection lemma.
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Elimination of Variables

Reciprocal Projection Lemma (contd.)
NIXN, =-P7!, NIXN, =0+ 5T +5.
The expression

V+P—-W+wh) sT4+wT
Tyx/T T _
X+Y"'WTz + 2 WY_{ N v |-

Therefore, if

T
Nrm%<0:$[W+P—GV+W5A¢+Wﬁ
NITXN, <0

S+W P }<0'
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Trace of LMIs
°

Trace of Matrices in LMis

Lemma Let A(z) € S™ be a matrix function in R", and v € R > 0. The following
statements are equivalent:

1. dz € R" such that
trA(z) <7,

2. dx e R", Z € S™ such that

Alx) < Z,trZ < .

Proof: Homework problem.
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